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Questions

e ;: How many non-null elements are
INn the Mueller matrix?

e ;How many independent elements
are in the Mueller matrix?

e .How can we extract the maximum
physical information from these
parameters?
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Basic interaction: Transformation of the polarization ellipse
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Basic interaction: Mathematical description
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Basic interaction: Mueller S
matrix N —> Q

when

Single interaction

“Pure case”: N iIs a Mueller-Jones matrix
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Polar decomposition of N

N = RK >

R: elliptical retarder

(3 parameters) @Model
K: elliptical partial N
polarizer (T @)
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Equivalent system: physical parameters

Diattenuator (Elliptical partial polarizer)

Parameters
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Macroscopic interaction
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Macroscopic interaction
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Coherent superposition of Partially coherent

elementary emerging superposition of elementary
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Mueller matrix as a parallel composition of pure
Mueller matrices. Coherency matrix
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General structure of a Mueller matrix
e H: Hermitian positive semi-
definite, 4x4 complex matrix — *
i hy = <tktl >e

e H: Covariance matrix (four
zero-mean complex variables) k1=0123

G, H010001 Hp000; Hp30003
H — “;(;16061 *Gf H1262102 H130103
H02090, H1,6,6; P H236,03
M63000s Hi3010; Hys0,05 O
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General characterization of Mueller matrices

Eigenvalue conditions (4):

e The four eigenvalues of H are non-negative

or

e Four nested principal minors of H are non-negative

Transmittance conditions (2)
A
1. Forward transmittance condition

2 2 2 %
My, + (M3, + M3, +mé, ) > <1

2. Reverse transmittance condition (derived from the
nature of a Mueller matrix as a parallel composition of pure
Mueller matrices) y

) 2
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My + (M, + M3, +mZ ) * <1

J. J. Gil. Workshop: Light scattering from microstructures, Laredo, Spain (11/09/1998)



Statistical nature of H

hy =p,0,0

2 .
G, Variances

LL,; Complex correlation coefficients
Pk = |l P =arg ()
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Statistical nature of M

M =

20,,5,0,C 20,,5,0,S
02000200, 020002902

G, +G. +0, +05 |Gy —G. —G5 + 0,

+20,36,65C,5 | —20130,0555

201,000,C0, | 2P1,0¢0,S0;

2 2 2 21 2 2 2 2
G, — 0, +G, —0; {0, +G; —C, —C;

—20,.,0,0,C., | +20,,0,0,S
P130,0305 13010395

20y30,05C; 20y30,05Cq3 20, 6,0,Cy; | —205,0,0,5¢,
+20,,6,6,Cy, —20,,6,0,Cy, +20,)36,0;C55 | —2,30,055
—20)30,0 3803 —20)30,0 3803 200100:50; | 2P5,0¢0:Cos
i +201,0,0,5), —201,0,0,5), —2,35,055,3 _29236203(323_
Sy =sIin(By )

Cyi = COS(By )

J. J. Gil. Workshop: Light scattering from microstructures, Laredo, Spain (11/09/1998)



Canonical expansion of the coherency matrix

H represents univocally the Mueller matrix and vice-
versa and that this relation can be written as follows

ZZ my, Ky

kOIO

Ek| (k, =0, 1, 2, 3): set of 16 modified Dirac matrices
E,, =0, 0,

These coefficients are 16 directly measurable quantities
(observable parameters), i. e. the 16 elements of the Mueller
matrix M associated with H
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Canonical (spectral) expansion of the coherency
matrix

This expansion provides a fundamental
significance for the elements of the Mueller
matrix, in addition to their phenomenological
significance. The relation between the
covariance matrix H and its corresponding
Mueller matrix is, in fact, analogous to that
between the polarization matrix and its
corresponding Stokes parameters
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Incoherent components of a Mueller matrix

e |t is possible to classify the Mueller Matrices
according to the rank of H, I. e. according to
the number of nonzero eigenvalues

e For example, H corresponds to a Mueller-
Jones matrix N when only one eigenvalue is
nonzero

e As H is Hermitian, it can be diagonalized
through a similarity transformation, given by a
unitary matrix W, such as

H=WAW"

A is the eigenvalue diagonal matrix D(A,, Ay, Ay, A3)
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Incoherent components of a Mueller matrix

Then, we can write H as

3
H=WAW" =L A, =
k=0

=%, WD(1,0,0,0)W* +1,WD(0,1,0,0) W"
+1,WD(0,0,1,0)W* +1,WD(0,0,0,1) W*

2

A A A A
M=—-N,+—N,+—N,+—-N,, N,=N(A,)
mOO mOO mOO mOO
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Parallel decomposition of a Mueller matrix

A A A A
M=—N,+—N,+—=N, +—N,
mOO mOO mOO mOO

This decomposition provides a physical
Interpretation analogous to the decomposition
of a polarization matrix into a superposition of
two orthogonal-polarized, incoherent, linearly
Independent beams whose intensities are the

two eigenvalues of the polarization matrix.

We see that the system can be considered a

parallel combination of one to four pure
elements
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Purity criterion

A necessary and sufficient condition for a
(physical) Mueller matrix M to be a Mueller-
Jones matrix is that M satisfies the equality

tr(MTM) = 4m’,
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Degree of purity

The purity degree can be defined as

tr(M"M) —mj,

e
0<G(M)<1

G (H) - 4tr(H )—(ZtrH)
\ 3(trH)
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Indices of purity
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