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G EOMETRIC MODELLING OF POLARIMETRIC
TRANSFORMATIONS
C. Ferreira, I. San José, J. J. Gil and J. M. Correas
Abstract. A new method for analyzing the polarimetric properties of material samples,
based on geometric representations of the transformations of the Poincaré sphere, is presented. Two transformed geometric objects are considered on the basis of the intensity (I)
and the degree of polarization (P) of the transformed Stokes vectors. The “I-Image” of
Poincaré sphere describes the diattenuation properties whereas the “P-Image” describes
the depolarization properties. Birefringence properties are related to rotations arising in
both objects. This model provides useful methods for analyzing experimental and industrial polarimetric measurements.
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§1. Introduction
Optical polarimetry is an important tool to extract information about several kind of material
samples in scientific and industrial environments.
A complete information of the polarimetric properties is given by the 16 elements of the
corresponding Mueller matrix.
In order to make easier the operation of the optical polarimeters and the sample analysis,
we present a visual method to characterize and classify the samples under measurement. In
other words, we look for a simple, efficient and easy-to-use tool, for people who work in
polarimetry without any relation in maths.
From the concept of Poincaré sphere we define two new geometric objects which determine univocally the polarimetric properties of the sample and are useful as a method for easy
operation of polarimeters.
Every state of polarization is represented in the Poincaré sphere taking the vectorial part
defined by the three last components of the normalized Stokes vector [4]:


1
G cos 2ϕ cos 2χ 

s=
G cos 2ϕ cos 2χ  ,
G sin 2ϕ
where G is the degree of polarization, ϕ the azimuth and χ the ellipticity.
Given a material sample characterized by its Mueller matrix M, the incident stokes vectors
s are transformed to the emergent stokes vectors s0 through the linear map s0 = Ms.
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§2. Image polarimetric objects
The I-image object corresponding to a Mueller matrix M is defined as the solid object given
by the following points
 0
s1
s00
s02  ,
q
s01 2 + s02 2 + s03 2 s03
whereas the P-image object is defined as the solid object given by the following points
 0
s
1  10 
s2 .
s00
s03
From the above definitions it is easy to see that the I-image object gives us direct information about diattenuation phenomena which could be appreciated in the asymmetric deformation of the surface object. As a degenerated case includes isotropic attenuators that present
size but not shape changes.
On the other hand, the P-image object give us direct information about depolarization
(surface deformation) i.e. its surface shape is preserved by all pure systems.

§3. Physical polarimetric behaviours
All the possible physical polarimetric behaviour are covered by the following cases:
1. Pure diattenuators
In this case we observe deformation of the I-image object, whereas the surface shape
of the P-image object is preserved. Notice that the Mueller matrix is symmetric.

Figure 1: Transformed states for a pure diattenuator sample
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2. Pure retarders
None of the objects are deformed. We have a rotation of both of them. Mueller matrix
is a rotation matrix.

Figure 2: Transformed states for a pure retarder
3. Parallel combination of pure elements (depolarizers)
The P-image object is deformed. Depending on the statistical mixture of the sample
we have
(a) Statistical mixture of diattenuators
The I-image object is also deformed. The Mueller matrix is symmetric.

Figure 3: Transformed states for a statistical mixture of diattenuators
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(b) Statistical mixture of retarders
The I-image object is not deformed.

Figure 4: Transformed states for a statistical mixture of retarders
(c) Statistical mixture of diattenuators and retardes.
Both objects are deformed. The Mueller matrix is not symmetric.

Figure 5: Transformed states for a statistical mixture of diattenuators and retardes
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